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Perfectly Matched Layer Absorbing
Boundary Conditions for the
Method of Lines Modeling Scheme

S. J. Al-Bader and H. A. Jamid

Abstract—The perfectly matched layer device for the absorp- IIl. THEORY

tion of electromagnetic radiation is incorporated with the method C ider th i f TE-polarized | th
of lines numerical scheme. Examples are given that show the onsider the propagation o -polarized waves along the

superior performance in comparison with numerical absorbing Z-axis with the field components given by
boundary conditions.
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Index Terms—Absorbing boundary condition, method of lines, T Tor (—iwe + 04)Eye 1)
perfectly matched layer. O(E,» + E,.)
TS = (—iwp 4 o2 H, ®)
z
I. INTRODUCTION OH, — (—iwe +0.)E 3)
HE LOSSY perfectly matched layer (PML) proposed 9z o
for the absorption of electromagnetic radiation at all _M =(—iwp + 07 )H. (4)
incident angles and independently of polarization [1] has dx

modification, and generalization of the PML device in the — E,. + E,. we obtain the modified Helmholtz equation
last few years, in particular, in truncating the computationgd the form

windows of the finite-difference time-domain (FDTD) and

finite-difference frequency-domain (FDFD) schemes [2]-[4]. 1 9% L1 9%
In contrast, only a numerical absorbing boundary condition I'2 0x2 * I'2 022
based on the factorization of the Helmholtz operator has beeﬂ

used in the method of lines (MoL) modeling approach [5]'." ere

More recently, a heuristic complex factor has been introduced 2 (1 4 o )( ot )
Zx = t—

+wluec =0 (5)

(6)

into this condition for the purpose of improving its effec- 1 +ZW—N
tiveness [6]. In this work we describe the incorporation ging

the perfectly matched layer concept into the MoL numerical ) o, ot

scheme. The theory we develop is based on the simultaneous I.= (1 T _) <1 T wu) (7)
solution of two wave equations, one (the Helmholtz) for the

structure being modeled and another (modified Helmholtlt)is evident from (5) that, in contrast to the homogeneous
for the PML which is assumed to exist at the boundaries ofedium wherd’, =I", = 1, plane waves in the PML become
the computational window. Though the wave equation for tiehomogeneous with the real distancesand z transformed

PML derives from the non-Maxwellian split field formalisminto complex distances:I', and zI'., respectively. It has
proposed in [1], the interface boundary conditions we impobeen pointed out that both the amplitude and phase of waves
are the usual continuity of the tangential field components. Amdergoing this kind of transformation remain continuous
an example we calculate the propagation of a Gaussian putsgoss the interface separating the homogeneous medium and
in a homogeneous medium and compare the results with bthle PML [7], [8].

the theoretical predictions and also with those obtained when

third-order numerical absorbing boundary conditions replace 1
the action of the PML. We show that agreement with theory is o . . o
more closely exhibited by the use of the PML. The results areB&cause of space limitation we will not give a description
seen to be both consistent and independent of computatiofiaf’® MoL and refer the reader to [5] for an implementation

we

we

. RESULTS AND DISCUSSION

window size when the PML device is used. of the method with numerical absorbing boundary condi-
tions. In our present application we consider the propagation
Manuscript received May 7, 1998. ___of a Gaussian pulse in a homogeneous medium along the
The authors are with the King Fahd University of Petroleum and Minerals, . . . .
Dhahran 31261, Saudi Arabia. Z-direction. We assume the Helmholtz equation to apply in
Publisher Item Identifier S 1051-8207(98)09597-X. the homogeneous medium and (5) in the PML. In order that
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Field profiles displaced seccessively by 0.3 of the vertical scale

Field development at propagation intervals of 10 micrometers
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Field development at propagation intervals of 10 micrometers
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Fig. 1. The development of a Gaussian excitation impressed=at. The
field profiles shown are at 10m intervals. The PML’s occupy the endi2n

' L i L .
6 4 2 0 2 4 6
Transverse distance in micrometers

on either side of the figure.
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Field profiles displaced seccessively by 0.3 on the vertical scale

Field development in propagation steps of 10 micrometers
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Fig. 3. The same as Fig. 2, but for badly tuned absorbing boundary con-

Field development in propagation steps of 10 micrometers
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Fig. 4. The same as Fig. 2, but with reduced computation window size.
Fig. 2. The same as Fig. 1 except that numerical absorbing boundary condi-

tions are substituted for the PML. This is an example of well-tuned absorbing
boundary conditions. in the PML. The other parameters used are: waveleagih3

#m, the homogeneous medium dielectric constantl1.56
pm, and the width of the PML= 2 ym on each boundary
of the computational window in the-direction. The number
of lines in PML has been chosen to be 20, which satisfies
convergence of results. The excitation applied symmetrically
at z = 0 has been taken ag0) = ¢=*/?)°. Fig. 1 shows
Mﬂl‘ results together with the theoretical results for a Gaussian
Xcitation withe = 1. The PML has been placed at distances
f +4.35 um from z = 0. The ¢ profiles have been obtained
at z-intervals of 10um starting atz = 0. They have been

absorption in the PML takes place in thedirection only we
impose the requiremerit, = 1. The well-known condition

Ox  On

=t ®)

€ 124
is upheld so that the impedance of the homogeneous medi
is matched to that of the PML and no reflection occurs [1

Accordingly, (6) is written as
r, = (1 44 ﬁ) (9) shifted successively by 0.3 on the vertical scale for the sake
we of better visibility. The results of theory and calculation are
The conductivity appearing above has, in fact, been maseen to coincide within the computational window. The only
to increase with distance into the PML according to thieature that distinguishes the results from each other is the
relationships, = (m/M)* where m is the line number MoL profile tails seen to penetrate into the PML and become
(increasing into the PML) and/ is the total number of lines attenuated within it. The attenuation, however, does not show



IEEE MICROWAVE AND GUIDED WAVE LETTERS, VOL. 8, NO. 11, NOVEMBER 1998 359

e Field development in propagation steps of 10 mi the same as in Fig. 2. In contrast to this the PML results remain
' ' ‘ T ' in excellent agreement with theory throughout the propagation
distance as shown in Fig. 5.
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IV. CONCLUSIONS

The incorporation of the PML concept into the MoL mod-
eling scheme has been achieved and its effectiveness demon-
strated. The fact that the PML provides reflectionless absorp-
tion at all angles and frequencies independently of polarization
makes it particularly suited for truncating the computational
windows in MoL calculations. The application of the PML,
moreover, eliminates the need for tuning the numerical bound-
ary conditions as the wave propagates.
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